Recently, various methods have been proposed and applied for earthquake source imaging, and theoretical relationships among the methods have been studied. In this study, we make a follow-up theoretical study to better understand the meanings of earthquake source imaging. For imaging problems, the point spread function (PSF) is used to describe the degree of blurring and degradation in an obtained image of a target object as a response of an imaging system. In this study, we formulate PSFs for earthquake source imaging. By calculating the PSFs, we find that waveform source inversion methods remove the effect of the PSF and are free from artefacts. However, the other source imaging methods are affected by the PSF and suffer from the effect of blurring and degradation due to the restricted distribution of receivers. Consequently, careful treatment of the effect is necessary when using the source imaging methods other than waveform inversions. Moreover, the PSF for source imaging is found to have a link with seismic interferometry with the help of the source-receiver reciprocity of Green's functions. In particular, the PSF can be related to Green's function for cases in which receivers are distributed so as to completely surround the sources. Furthermore, the PSF acts as a low-pass filter. Given these considerations, the PSF is quite useful for understanding the physical meaning of earthquake source imaging.
. Schematic illustration for the configuration of earthquake source imaging. Many receivers (solid triangles) are assumed to be distributed so as to surround earthquake sources (solid stars).
between the time-reversal method and the moment-tensor inversion method. Recently, Fukahata et al. (2014) clarified the relations among the back-projection method, the hybrid back-projection method, the time-reversal method and the waveform inversion method. According to the theoretical studies, these source-imaging methods are thought to be simplified versions of the waveform inversion method as long as some assumptions are made. In this study, we follow-up these studies by introducing the notion of the PSF into earthquake seismology, and show that this is helpful to clarify the meanings of earthquake source imaging. The PSF for earthquake source imaging can be interpreted with seismic interferometry by using the source-receiver reciprocity of Green's functions.
F O R M U L AT I O N F O R S C A L A R WAV E S
Here, we formulate the PSF for earthquake source imaging. To facilitate understanding, we start the formulation from simple scalar wave cases. In the next section, we study more complicated vector wave cases. Configuration of sources and receivers is schematically illustrated in Fig. 1 .
PSF for scalar cases
A scalar wavefield at location x and time t due to sources f (ξ , τ ) exerted at location ξ and time τ is expressed as:
where G(x, t; ξ , τ ) is the Green's function for the scalar wave equation between the source and the receiver. In frequency domain, the following relation is obtained for an angular frequency ω:
According to Fukahata et al. (2014) , multiplying the complex conjugate of Green's function with both sides of the observation eq. (2), a source image is obtained. Here, we multiply both sides of eq. (2) with the complex conjugate of Green's function at the receiver but for a point source at slightly different position ξ , and stack it with respect to the receivers: where * means complex conjugate. b(ξ , ω) is defined as the obtained source image for the source located at ξ . And here the PSF is defined:
From eq. (3), the PSF is found to relate the true source and the obtained source image. Once the Green's functions are calculated for a known structure, the PSF can be calculated. If the structure is known down to fine scales, the accuracy of the PSF improves.
Relation between PSF and seismic interferometry
Here, we consider the relation between the PSF for source imaging and seismic interferometry. For that purpose, the source-receiver reciprocity of Green's function plays an important role. When receivers and sources are interchanged in Fig. 1 , the new configuration is realized as shown in Fig. 2 where many sources are surrounding two receivers. This configuration is exactly the same as one studied in seismic interferometry. Then the problem of estimating PSF for earthquake source imaging can be viewed as the Green's function retrieval between two receivers using the surrounding sources. According to theoretical studies of seismic interferometry (e.g. Sánchez-Sesma & Campillo 2006; Wapenaar & Fokkema 2006; Sato et al. 2012 ), the stacked cross-correlation of the Green's function at the two receivers with respect to the surrounding sources is proved to be the imaginary part of the Green's function at one of the two receivers for the virtual source located at the other receiver. The source-receiver reciprocity of the Green's function for the scalar wave equation is (e.g. Snieder et al. 2007) :
Using this relation, we obtain the following relation:
The second equality is due to seismic interferometry (e.g. Snieder et al. 2007; Snieder et al. 2008) . Here, ρ means density and c means wave velocity. Therefore, it is confirmed that the PSF for scalar wave sources can be represented by the imaginary part of the Green's function between the two points. And it is also noted here that the PSF has a function of a low-pass filter operating on the true source process because of the ω term in the denominator in eq. (6). This effect may be explained by the contributions from the stationary-phase regions (Snieder 2004) . Eq. (6) was already shown in Fink (2006) as the PSF for time reversal imaging. For more details, readers can refer to an excellent review by Fink (2006) .
F O R M U L AT I O N F O R V E C T O R WAV E S
For earthquake source imaging problems, we have to deal with elastic waves, and so we formulate the PSF for vector wave cases in this section. The steps of the formulation are analogous to the scalar wave cases. Configuration of sources and receivers is the same as in Fig. 1 .
PSF for single-force sources
In kinematic waveform inversion methods, observation equations are based on the representation theorem in elastodynamics (e.g. Aki & Richards 2002) . Displacement for single-force sources is represented as:
where u n (x, t) is the nth component displacement at location x and time t, f i (ξ , τ ) is the ith component of the single force exerted at location ξ and time τ , and G ni (x, t; ξ , τ ) is the Green's function between the source and the receiver (e.g. Kawakatsu & Montagner 2008) . In this paper, we do not use the summation convention and explicitly show summation signs. In frequency domain, the following relation is obtained for an angular frequency ω:
Multiplying the complex conjugate of Green's function with both sides of the observation eq. (8), we obtain a source image. This process is very close to the one used in the hybrid back-projection method except for the nth root stacking, and is equivalent to the adjoint operation (Claerbout 2001) . Here, we multiply both sides of eq. (8) with the transposed complex conjugate of Green's function at the receiver but for a single force in the jth direction at slightly different position ξ , take summation with respect to displacement component, and stack it with respect to the receivers:
where * means complex conjugate. b j (ξ , ω) is defined as the obtained source image for the jth component single-force source located at ξ .
Here, the PSF is defined as:
From eq. (9), the PSF is found to relate the true ith direction single force and the obtained source image for the jth direction. Once the Green's functions are calculated for a known structure, the PSF can be calculated. As seen previously for scalar waves, when the structure is known down to fine scales the accuracy of the PSF improves.
PSF for moment-tensor sources
Displacement for moment-tensor sources is represented as:
where u n (x, t) is the nth component displacement at location x and time t, m pq (ξ , τ ) is the (p, q) component of the moment density tensor exerted at location ξ and time τ , and
is the spatial derivative of Green's function between the source and the receiver (e.g. Aki & Richards 2002) .
Similarly to the single-force case, we multiply both sides of eq. (11) with the complex conjugate of Green's function at the receiver for the moment-tensor source of (r, s) component at slightly different position ξ , take summation with respect to displacement component, and stack it with respect to the receivers:
b rs (ξ , ω) is defined to be the obtained source image for the (r, s)-component of the moment-tensor source located at ξ . Here, the PSF is defined to be:
From eq. (12), the PSF is known to relate the true (p, q)-component moment-tensor source and the obtained source image for the (r, s)-component.
Relation between PSF and seismic interferometry
Similar to the scalar wave cases, we consider the relation between the PSF for earthquake source imaging with seismic interferometry by using the source-receiver reciprocity of Green's function. Here, the source-receiver reciprocity of the Green's function for a single-force source is shown by Aki & Richards (2002) as:
According to eq. (26) in Sánchez-Sesma et al. (2008) , the following relation holds for 2-D and 3-D infinite homogeneous elastic media:
Here, ρ means density, α is P-wave velocity, β is S-wave velocity and γ i is the ith component of the unit vector pointing to ξ from ξ . And the integration points x are assumed to be far from both ξ and ξ . Due to the difference in sign convention for Green's function between us and Sánchez- Sesma et al. (2008) , the minus sign is removed here. If Green's function is decomposed into a P-wave part G P ji and an S-wave part G S ji (e.g. Wu & Ben-Menahem 1985) , eq. (15) can be represented as follows:
Using eqs (10), (15) and (16), the following can be derived:
How to derive eqs (16) and (17) is shown in the Appendix. Therefore, it is confirmed that the PSF for single-force sources can be related to the imaginary part of the Green's function between the two points. And it is also noted here that the PSF has a role of a low-pass filter operating on the true source process because of the ω term in the denominator in eq. (17). In this study, we mainly focus on purely elastic media with no attenuation. However, here we note that the following relation can be derived for attenuating media according to eq. (10.73) in Sato et al. (2012) :
Here, η is an intrinsic absorption per time which is assumed to be common to P and S waves. For this case, the PSF can be expressed with Green's functions as well. We also note that the integral in ji (ξ ; ξ , ω) should be a volume integral with respect to sources for attenuating media in contrast with a surface integral for non-attenuating media. Therefore, the dimension of ji (ξ ; ξ , ω) is different by the dimension of length between attenuating media and non-attenuating media. Next, we interpret the PSF for the imaging of the double-couple source. We consider eq. (13) first. Comparing with eq. (10), eq. (13) is found to be derived by differentiating each term of eq. (10) with respect to source coordinates ξ and ξ . Accordingly, the following relation can be derived:
Using eq. (17), the PSF for the double-couple source imaging in homogeneous media is expressed as:
These relations are novel findings by this study.
In this section, ideal circumstances in which receivers are continuously distributed so as to surround the source points are considered to clarify the meaning of the PSF with seismic interferometry. However in reality, the number of receivers is limited and the spatial distribution of receivers is also restricted. These effects on and implications for earthquake source inversions are discussed in the next section.
D I S C U S S I O N S
Here, we discuss more practical cases of the imaging of multiple sources using data at a finite number of receivers. For brevity, only the single-force sources are considered here. However, the discussions here can be applied to the moment-tensor source as well.
Here, we assume that the number of receivers is K and the receivers are arbitrarily distributed. And we also consider multiple L sources. The multiple sources are a discrete approximation of a spatially extended source (e.g. a finite-fault source), and each source may be called a subevent or a subfault. For the case, at an angular frequency ω, the following equation can be formulated in the matrix form: (x 2 , ω) . . .
Eq. (21) can be denoted as
where u is a data vector composed of observed spectra, and f is a model vector made up of source spectra (functions) and G is a matrix containing Green's functions for all the pairs between the sources and receivers. The normal equation can be derived by multiplying G † , the adjoint (conjugate transpose) of G on both sides of eq. (22) and this process corresponds to the minimization of the squared residuals between the observed and synthesized spectra (e.g. Menke 1989; Fukahata et al. 2014) :
filtered time traces are used, a time-domain approach by Wang et al. (2012) may be acceptable as an approximation. As another way, Haney (2014) made the correction of PSF in the back-projection image by using the Richardson-Lucy algorithm which is often used in the field of astrophysics for improving the quality of telescope images. PSF for earthquake source imaging is controlled by source-receiver configurations, the number of receivers, frequency and so on. In this regard, it may look similar to the array response function (or array transfer function) in array seismology (e.g. Rost & Thomas 2002) . However, the array response function represents the response of an array to plane waves incoming from different directions, and is expressed in frequency-wavenumber domain. This is attributed to a discrete spatial sampling of an observed wavefield only at the receivers of the array. On the other hand, the PSF is such an effect not in an observed wavefield itself but in a source image. We think that this is a difference between the array response function and the PSF.
In our formulation, linear stacking is considered in which original amplitudes of both observed and synthesized seismograms are used without any amplitude modifications. However, amplitude modifications such as the nth root stacking are used practically. According to Rost & Thomas (2002) , the nth root stacking suppresses incoherent noises and improves slowness resolution compared with the linear stacking. However, yet the nth root stacking is not free from the effect of the array response function. In terms of PSF for earthquake source imaging, the nth root stacking improves resolution in the source image but is not free from the PSF. As another amplitude modification, cross-correlation function between an observed waveform and a synthesized one at each station is normalized by their standard deviations in order to give all receivers equal weight in Yagi et al. (2012) . To quantitatively discuss effects of such amplitude modifications, we may need to perform numerical simulations. However, this is beyond the scope of our present study. Here, we point out an analogy between the amplitude modification in earthquake source imaging and time-domain amplitude normalization in seismic interferometry. Especially, the one-bit normalization (e.g. Tomoda 1956; van Vleck & Middleton 1966) has been discussed in terms of seismic interferometry (Hanasoge & Branicki 2013) . As far as the number of data is large enough, the one-bit normalization is known to provide correct estimation of the normalized cross-correlation functions. Therefore, phase information in the PSF may be preserved even with the one-bit normalization for that case.
In this study, we keep our focus on the theoretical formulation. Regarding a numerical simulation for earthquake source imaging, we refer to Fukahata et al. (2014) . Moreover, recently, Bazargini & Snieder (2013) investigated optimal wave focusing in terms of the time-reversal imaging. Their formulation is closely related to the one made in this section. And the low-pass filtering effect of the imaging, which is pointed out in the previous section, seems to appear in their results by numerical simulations of 2-D acoustic wave propagation. We also point out that we are able to refer to numerical studies for validating seismic interferometry (e.g. Cupillard & Capdeville 2010) even in the context of earthquake source imaging by the help of the source-receiver reciprocity of Green's function. Such a bridge between earthquake source imaging and seismic interferometry is the main achievement in this study.
C O N C L U S I O N S
In this study, we have considered earthquake source imaging by using the PSF. Kinematic source inversion methods can remove the effect of the PSF and are thereby free from artefacts. However, other source imaging methods are found to be affected by the PSF and suffer from blurring and degradation. Therefore, careful interpretation of the results is necessary when using source imaging methods. For ideal cases in which receivers completely surround the sources, the PSF can be related to Green's functions with the help of source-receiver reciprocity. This study helps us understand the meaning of earthquake source imaging better.
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